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Abstract
Let A and G be finite groups with (|A|, |G|)= 1. We assume that A acts on G via automorphism.
Let N be an A-invariant normal subgroup of G. Let ϕ be an A-invariant irreducible Brauer
character of N . If A is of prime power order, then the induced Brauer character ϕG contains
an A-invariant irreducible constituent; If G/N is p-solvable, then ϕG contains an A-invariant
irreducible constituent. Let B be an A-invariant block of G. Then under Glauberman–Isaacs
correspondence, the set IrrA(B) is a union of blocks of CG(A), say b1, b2, . . . , bs . Let Qi be a defect
group of bi . Then there is a defect group D of B such that Qi D.
 2003 Elsevier Inc. All rights reserved.
1. Introduction
Let G be a finite group. Let (K,R,F ) be a p-modular system, where R is a complete
discrete valuation ring with a unique maximal ideal (π ) for π ∈ R, K is the quotient
field of R with characteristic zero and F = R/(π) is an algebraically closed field with
characteristic p > 0. We fix a valuation ν of K such that R is its valuation ring and
ν(π) = 1. For an RG-module (or FG-module) V , we denote by hd(V ) (respectively
soc(V )) the head (respectively the socle) of V .
Let A be a finite group such that A acts on G and (|A|, |G|) = 1, where |A| and
|G| denote the orders of A and G, respectively. We denote by Irr(G) (respectively
IrrA(G)) the set of irreducible ordinary characters (respectively the set of A-invariant
irreducible ordinary characters) of G. When A is solvable, Glauberman defines a one-to-
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a one-to-one correspondence between IrrA(G) and Irr(CG(A)). Wolf [14] proves that these
two correspondences are the same if |G| is odd and A is solvable. We let ∗ denote the
Glauberman–Isaacs correspondence, thus χ → χ∗ is a one-to-one correspondence from
IrrA(G) to Irr(CG(A)). Let B be an A-invariant block of RG. Denote by IrrA(B) the set
of A-invariant irreducible ordinary characters in B .
We assume in the rest of this paper that A and G are of coprime orders and A acts
through automorphisms on G. In this paper, a module means a finitely generated right
module. For a subgroup H of G, and for an FG-module X and an FH -module Y , we
write XH for the restriction of X to H and YG for the induction of Y to G. When H G
and Y is an FH -module, we denote IG(Y ) the inertia subgroup of Y in G.
2. Stable constituents under coprime action
Let H be an A-invariant subgroup of G. Let ϕ be an A-invariant irreducible Brauer
character of H . In this section, we prove that there is an A-invariant irreducible Brauer
character as a constituent in ϕG under some assumption.
Proposition 1. Assume that A is of prime power order, say qn (q = p). Let H be an
A-invariant subgroup ofG. Let ϕ ∈ IBrA(H) with q  ϕ(1), then there exists an A-invariant
irreducible constituent in ϕG. Specially, if H is an A-invariant p-solvable subgroup of G
and ϕ ∈ IBrA(H), then there exists an A-invariant irreducible constituent in ϕG.
Proof. Set ϕG =∑β∈IBr(G) mββ . Let S = {β ∈ IBr(G) | mβ = 0}. Then A permutes
the elements in S. Let O1,O2, . . . ,On be all the A-orbits of A on S. Let βi ∈ Oi .
If irreducible Brauer characters β and η are in the same orbit, then mβ = mη. Thus
ϕG(1)=∑ni=1 |A :CA(βi)|mβiβi(1). Since q  ϕG(1)= |G :H |ϕ(1), there exists an i such
that A= CA(βi). So βi is an A-invariant irreducible constituent of ϕG, as desired. ✷
Let N be a normal subgroup of G, and let W be an indecomposable FN -module. We
assume that IG(W) = G. Set E = EndFG(WG) and Λ = EndFN(W). We can write E
in the form E =⊕y¯∈Y Ey¯ where Y = G/N and Ey¯ is the F -submodule of E mapping
W = W ⊗ 1 to W ⊗ y inside WG, and Ex¯ ∼= HomFN(W,Wx) as F -module by [10,
4.6.4]. Clearly Ex¯Ey¯ ⊂ Exy , for x¯, y¯ ∈ Y . Also we can use the stability hypothesis to
choose an element ϕy¯ ∈ Ey¯ mapping W ⊗ 1 isomorphically onto W ⊗ y; it follows that
ϕy¯ is a unit in E. Since E1¯ can be identified with Λ, we have Ey¯ = Λϕy¯ = ϕy¯Λ. So
E is a free right Λ-module. The module E ⊗Λ W is an E–FG-bimodule with actions
(e ⊗ w) · y := eϕy¯ ⊗ ϕ−1y¯ (w ⊗ y), where y¯ = yN , and e′ · (e ⊗w) := e′e ⊗ w. Then we
have the following proposition due to Cline, see [10, 4.6.6].
Proposition 2. There is an E–FG-bimodule isomorphism E ⊗Λ W ∼= WG given by
f : e⊗w → e(w), for e ∈E and w ∈W .
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a decomposition into indecomposable E-modules. Then WG =⊕UiW ∼=⊕Ui ⊗Λ W is
a decomposition into indecomposable FG-modules. Moreover we have that dim(UiW)=
rankΛ(Ui)dim(W), and that Ui = Uj as E-modules if and only if UiW ∼= UjW as FG-
modules.
The following result is essentially due to Harris (see [5, Theorem 7]), but we also give
a proof here for convenience to readers.
Proposition 4. Let N be a normal subgroup of G, and let W be an irreducible FN -
module. Then for any indecomposable direct summand V of WG, hd(V ) and soc(V ) are
irreducible. If P is a projective cover of W , then PG is a projective cover of WG.
Proof. By induction on |G/N |, we can assume that IG(W) =G. Since P is a projective
cover of W , then IG(P ) = IG(W) = G. We may assume that W = soc(P ). Set E =
EndFG(PG) and Λ = EndFN(P ). Set Y = G/N . We can write E in the form E =⊕
y¯∈Y Ey¯ . We identify E1¯ with Λ and let ϕy¯ be an invertible element in Ey¯ . Then
Ey¯ = Λϕy¯ = ϕy¯Λ. Thus E/J (Λ)E ∼=⊕y¯∈Y ϕy¯F is a twisted group algebra of G/N
over F . We let ϕy¯ |WG = ϕ ′¯y , it is obvious that ϕ ′¯y is a unit in EndFG(WG) mapping
W ⊗ 1 isomorphically onto W ⊗ y . Thus EndFG(WG) ∼=⊕y¯∈Y ϕ ′¯yF is a twisted group
algebra of G/N over F . It is easy to verify that EndFG(WG) is isomorphic to E/J (Λ)E.
Suppose that E = V1 ⊕ V2 ⊕ · · · ⊕ Vm (respectively EndFG(WG)= V ′1 ⊕ V ′2 ⊕ · · · ⊕ V ′n)
is a decomposition into indecomposable E- (respectively EndFG(WG)-) modules. By
Proposition 3, PG = V1P ⊕ · · · ⊕ VmP (respectively WG = V ′1W ⊕ · · · ⊕ V ′nW ) is a
decomposition into indecomposable FG-modules. Since E/J (Λ)E ∼= EndFG(WG) and
J (Λ)E  J (E), we have m = n. Since there is a surjective FG-module homomorphism
from PG to WG, we must have that the head of V ′i W is irreducible for i = 1,2, . . . , n and
PG is a projective cover of WG.
Let W∗ be the dual of W , thus each indecomposable direct summand of (W∗)G has
irreducible head. Since (W∗)G ∼= (WG)∗, each indecomposable direct summand of WG
has irreducible socle, as desired. ✷
Theorem A. Assume that A is of prime power order. Let N be an A-invariant normal
subgroup of G, and let ϕ be an A-invariant irreducible Brauer character of N . Then there
exists some A-invariant irreducible constituent in ϕG.
Proof. We can assume that ϕ is G-invariant by induction on |G/N |. Let W be an
irreducible FN -module such that W provides Brauer character ϕ. We denote by NA the
semidirect product of N and A. Since (|A|, |N |)= 1, W can be extended to an F(NA)-
module. Thus we can view W as an FA-module. Thus E = EndFG(WG) becomes an
FA-module with the action defined by
(e · a)(v) := e(va−1)a for e ∈E, a ∈A, and v ∈WG.
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the projective cover of Li . Since E is an FA-module, A permutes the set {P1, . . . ,Pn}.
Since E ∼=⊕ni=1(dimLi)Pi and dimE = |G/N | is coprime to |A|, we have that one of Pi
must be A-invariant. Thus by Proposition 3, PiW ∼= Pi ⊗F W is an indecomposable direct
summand of WG and A-invariant. Let V be the head of PiW . Then V is irreducible by
Proposition 4. Thus V is an A-invariant irreducible constituent of WG, as desired. ✷
Theorem B. Let N be an A-invariant normal subgroup of G. Let ϕ ∈ IBrA(N). If G/N is
p-solvable, there exists an A-invariant irreducible constituent in ϕG.
Proof. We denote by GA the semidirect product of G and A. Let W be an irreducible
FN -module such that W provides Brauer character ϕ. By induction on |G/N |, we can
assume that G/N is a principal factor of GA. Since G/N is p-solvable, G/N is a p-group
or a p′-group.
If G/N is a p-group, then WG is an indecomposable FG-module. Let V be the head
of WG. By Proposition 4, V is irreducible, and consequently V is A-invariant. Thus V is
an A-invariant irreducible constituent of WG, as desired.
We assume now that G/N is a p′-group. By induction on |G/N | again, we may assume
that ϕ is G-invariant. Then IG(W)=G. Set E = EndFG(WG) and Λ= EndFN(W)∼= F .
Let X be a complete set of right coset representatives of N in G. Then E ∼=⊕x∈X ϕx¯F ,
where ϕx¯ is a unit in E mapping W ⊗ 1 isomorphically onto W ⊗ x and ϕ1¯ = 1. Then
E is isomorphic to a twisted group algebra of G/N over F with factor set α, write
FαG/N . Since H 2(G/N,F×) is a finite group of exponent which is a factor of |G/N |,
we have α|G/N | ∼ 1. Then there exists a map η :G/N → F× such that α(x¯, y¯)|G/N | =
η(x¯)η(y¯)η(x¯y¯)−1 for x¯, y¯ ∈ G/N . Let k(x¯) be a |G/N |th root of η(x¯) in F×. Set ϕ ′¯x =
k(x¯)−1ϕx¯ and ϕ′x1ϕ
′
x2
= α(x1, x2)′ϕ′x1x2 for α(x1, x2)′ ∈ F×. It is easy to see that ϕ ′¯x ∈Ex¯ ,
α(x1, x2)′ is a factor set of G/N and α(x1, x2)′ = k(x1)−1k(x2)−1k(x1x2)α(x1, x2).
Thus (α(x1, x2)′)|G/N | = 1. Since E ∼=⊕x∈X Fϕx¯ =⊕x∈X Fϕ ′¯x , we can assume that
α(x1, x2)|G/N | = 1. From now on, we assume that α|G/N | = 1.
We can view W as an FA-module. Then WG and E = EndFG(WG) are FA-modules
with actions defined respectively by(∑
x∈X
wx ⊗ x
)
· a :=
∑
x∈X
(wx)a⊗ xa for wx ∈W and a ∈A,
and
(e · a)(v) := e(va−1)a for e ∈E, a ∈A, and w ∈WG.
Thus E ⊗F W is an FA-module with the action
(e⊗w) · a := e · a⊗wa for e ∈E, w ∈W, and a ∈A.
By Proposition 2, f : e ⊗ w → e(w) is an isomorphism from E ⊗F W to WG. It is
easy to see that f is also an FA-module isomorphism. For a ∈ A, we assume that
184 Z. Lu / Journal of Algebra 266 (2003) 180–188ϕy¯ ·a = kay¯ϕya , where kay¯ ∈ F× is determined by y¯ and a. Since (ϕx¯ϕy¯) ·a = (ϕx¯ ·a)(ϕy¯ ·a)
and (ϕx¯) · a1a2 = (ϕx¯ · a1) · a2 for a, a1, a2 ∈A, we have
α(x¯, y¯)kaxy = α
(
xa, ya
)
kax¯k
a
y¯ and k
a1a2
x¯ = ka1x¯ ka2xa1 .
Let x¯ be an element of G/N of order r . For a ∈A, we have (ϕx¯)r · a = (kax¯ )r(ϕxa )r . Since
(ϕx¯)
r · a = α(x¯, x¯)α(x¯2, x¯) · · ·α(x¯r−1, x¯)1E · a = α(x¯, x¯)α(x¯2, x¯) · · ·α(x¯r−1, x¯)1E
and (
kax¯
)r
(ϕxa )
r = (kax¯ )rα(xa, xa)α((xa)2, xa) · · ·α((xa)r−1, xa)1E,
we have(
kax¯
)r
α
(
xa, xa
)
α
((
xa
)2
, xa
) · · ·α((xa)r−1, xa)= α(x¯, x¯)α(x¯2, x¯) · · ·α(x¯r−1, x¯).
Then α|G/N | = 1 implies (kax¯ )|G/N |r = 1. Thus kax¯ is of finite order and coprime to |A|.
Let Z be a finite group generated by {α(x¯, y¯), kax¯ | x¯, y¯ ∈ G, a ∈ A}. Thus the set
G∗ =Z× G= {(z, x¯) | z ∈ Z, x¯ ∈ G} is a group with the multiplication defined by
(z, x¯)
(
z′, y¯
)= (α(x¯, y¯)zz′, x¯y¯).
We define an action of A on G∗ by
(z, x¯)a = (zkax¯ , x¯a), for a ∈A, x¯ ∈ G, and z ∈Z.
We claim that this action is a group action. Since(
(z1, x1)(z2, x2)
) · a = (α(x1, x2)z1z2, x1x2) · a = (α(x1, x2)z1z2kax1x2, (x1x2)a)
and(
(z1, x1) · a
)(
(z2, x2) · a
)= (z1kax1, xa1 )(z2kax2, xa2 )= (α(xa1 , xa2 )z1z2kax1kax2, (x1x2)a),
we have ((z,x1)(z2, x2)) · a = ((z1, x1) · a)((z2, x2) · a). By the same way, (z, x¯) · a1a2 =
((z, x¯) · a1) · a2. Thus the claim is correct.
Let λ :Z → F× (z → z), a representation of Z. The primitive idempotent eλ of FZ
corresponding to λ is a central idempotent of FG∗. And the map
ρ :E =
⊕
x¯∈G
Fϕx¯ → eλFG∗
(
ϕx¯ → eλ(1, x¯)
)
is an F -algebra isomorphism, and moreover ρ is an A-algebra isomorphism.
Since A acts trivially on Z, eλFZ is an A-invariant irreducible FZ-module. Note that
p  |G∗|. Thus by [11, Theorem A], (eλFZ)G∗ ∼= eλFG∗ has an A-invariant irreducible
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E ∼= FαG/N is semisimple, f−1(U) is a direct summand of E. Set V = f−1(U)⊗F W .
Then V is an A-invariant irreducible constituent of WG by Proposition 3, as desired. ✷
3. Invariant blocks under coprime action
G,A are as before.
Proposition 5 [7, Lemma 13.8 and Corollary 13.9]. Assume that both A and G act on a set
Ω and that G acts transitively on Ω . In addition, suppose that (ωg)a = (ωa)ga for all
a ∈A, g ∈G, and ω ∈Ω . Then:
(a) A fixes a point in Ω; and
(b) CG(A) acts transitively on the set of A-fixed points of Ω .
In [3], Dade defined the following important subgroup of G.
Definition 1. Let G be a normal subgroup of a finite group Γ , and let B be a block of RG
with block idempotent 1B . Following Dade [3, p. 212], we define a subgroup G[B] of Γ .
Set G[B] = {x ∈ Γ | (1BCx¯)(1BCx¯−1)= 1BC1¯}, where Cx¯ = CRΓ (G)∩RGx for x ∈ Γ .
Let C[B] =⊕σ∈G[B]\G 1BCσ¯ . Then C[B] is a G[B]/G-graded Clifford system with
C[B]σ¯ = 1BCσ¯ . Since C[B]1/J (C[B]1)∼= F , C[B]/(J (C[B]1)C[B]) is a twisted group
algebra of G[B]/G over F .
Proposition 6 (Dade [3, Theorem 3.7]). There is a natural one-to-one correspondence
between the blocks of Γ which cover B and the Γ/G-conjugacy classes of blocks of
C[B]/(J (C[B]1)C[B]).
Proposition 7. Assume that A is a cyclic group of prime order q . Let B be an A-invariant
block of G. Then B is covered by q blocks or one block of GA. If B is covered by q blocks
B˜1, . . . , B˜q of GA, then restriction is a one-to-one correspondence from Irr(B˜i ) to Irr(B).
Proof. Let Γ be the semi-direct product of G and A. Then G[B]/G is of order q or 1.
Thus by Proposition 6, B is covered by q blocks or 1 block of Γ =GA.
If B is covered by q blocks, then each irreducible character in B is GA-invariant. Let
χ ∈ Irr(B). Since (|Γ :G|, |G|)= 1 and IGA(χ)=GA, χ can be extended to GA. Let χˆ be
the canonical extension of χ to GA. Then χGA =∑λ∈Irr(GA/G) λχˆ . Since each block B˜i
contains an irreducible constituent of χGA, B˜i contains a unique irreducible constituent of
χGA for each i . Thus restriction is a one-to-one correspondence from Irr(B˜i ) to Irr(B). ✷
Remark. If B is covered by q blocks B˜1, . . . , B˜q of GA, then B˜i and B are naturally
Morita equivalent of degree 1 (cf. [6] or [9]). Thus B is isomorphic to B˜i in the sense of
Alperin [1] or Dade [4].
186 Z. Lu / Journal of Algebra 266 (2003) 180–188Theorem C. Assume that B is an A-invariant block of G and that IrrA(B) is not empty.
Then, {χ∗ | χ ∈ IrrA(B)} = Irr(b1)∪ · · · ∪ Irr(bt ) for some blocks b1, . . . , bt of CG(A).
Proof. When G is solvable, the result is proved by Wolf [13, Theorem 4.8]. Thus we can
assume that A is solvable. By induction on |A|, we can assume that A is a cyclic group
of prime order q . Let a be a generator of A. Let χ be an A-invariant character of B . Then
there exists a unique extension χˆ of χ to GA and a sign εχ =±1 such that
χˆ(xc)= εχχ∗(c)
for any c ∈ C and any 1 = x ∈ A, see [7, Theorem 13.6]. By Proposition 7, we have the
following two cases.
Case 1. The block B is covered by q blocks of GA. Thus each irreducible character in
B is A-invariant. Let B˜ be one of the q blocks over B . Then B˜ contains the same number
of irreducible characters as B . Thus,
Irr
(
B˜
)= {λχ χˆ | χ ∈ Irr(B)= IrrA(B), for some λχ ∈ Irr(GA/G)}.
For any p-regular element c ∈G and any p-singular element d ∈C, we have∑
χ∈IrrA(B)
χ∗
(
c−1
)
χ∗(d) =
∑
χ∈IrrA(B)
χˆ
(
a−1c−1
)
χˆ(ad)
=
∑
χ∈IrrA(B)
(
λχ χˆ
)(
a−1c−1
)
(λχ χˆ)(ad)
=
∑
ϕ∈Irr(B˜)
ϕ
(
a−1c−1
)
ϕ(ad)= 0.
Thus by Osima [12, Theorem 3], {χ∗ | χ ∈ IrrA(B)} is a union of blocks of C, as
desired.
Case 2. The block B is covered by one block B˜ of GA. Thus, Irr(B˜) = {λχˆ |
χ ∈ IrrA(B), λ ∈ Irr(GA/G)} ∪ {χGA | χ ∈ Irr(G) \ IrrA(G)}. For any p-regular element
c ∈C and any p-singular element d ∈C, we have∑
χ∈IrrA(B)
χ∗
(
c−1
)
χ∗(d) =
∑
χ∈IrrA(B)
χˆ
(
a−1c−1
)
χˆ(ad)
= 1
q
∑
λ∈Irr(GA/G)
∑
χ∈IrrA(B)
(
λχˆ
)(
a−1c−1
)(
λχˆ
)
(ad)
+ 1
q2
∑
χ∈Irr(B)\ IrrA(B)
χGA
(
a−1c−1
)
χGA(ad)
= 1
q
∑
˜
ϕ
(
a−1c−1
)
ϕ(ad)= 0.ϕ∈Irr(B)
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desired. ✷
Corollary to Theorem C. Let χ1, χ2 ∈ IrrA(G). If χ∗1 and χ∗2 are in the same block of C,
then χ1 and χ2 are in the same block of G.
Proposition 8 (Brauer [2, 3G]). Let B be a block of G of defect group D. Let χ be an
irreducible character of B and let σ be an element of G. If ν(χ(σ)) = α, there exists a
conjugateDt of D for some t ∈G such that |Dt ∩CG(σ)| = pµ with µ ν(|CG(σ)|)−α.
Theorem D. Let χ be an A-invariant irreducible character of G contained in a block B .
Let b be the block ofCG(A) containing χ∗ with a defect groupQ. Then there exists a defect
group D of B such that Q⊆CG(A) D ∩CG(A).
Proof. If G is p-solvable, it is proved by Wolf in [13, Theorem 4.9]. Thus we can assume
that A is solvable. By induction on |A|, we can assume that A is of prime order q , and
let a be a generator of A. Choose a height zero character χ∗0 in b. Then by the Corollary
of Theorem C, χ0 also belongs to B . Let C be a defect class of b and let x ∈ C. Then
χ∗0 (x) ≡ 0 (mod(π )) by [10, Chapter 5 Theorem 1.11(ii)]. We can assume that Q is a
Sylow p-subgroup of CCG(A)(x) since Q is a defect group of b. Let χˆ0 be the unique
extension of χ0 to GA, the semi-direct product of G and A. Since χˆ0(ax)= εχ0χ∗0 (x), we
have χˆ0(ax) ≡ 0 (mod(π )). Assume χˆ0 belongs to a block B̂ of GA. By Proposition 8,
there exists a defect group D of B̂ containing a Sylow p-subgroup of CGA(ax). Since
Q ⊆ CCG(A)(x) = CG(A) ∩ CG(x) ⊆ CGA(ax), D contains a conjugate Qt of Q for
some t ∈ CG(A). Since IGA(B) = GA, D = D ∩ G is a defect group of B . Thus
QCG(A) D ∩CG(A), as desired. ✷
Remark. Notations are as in Theorem D. By Proposition 5, B always has an A-invariant
defect group. A further question is whether we can choose the defect group D of B in
Theorem D to be A-invariant. It looks reasonable, but we do not find a way to prove it.
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